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Abstract
In this note, we study the deformation of the topological string by Ω¯. Namely, adopting the
perturbative string amplitudes approach, we identify the Ω¯-deformation in terms of a physical
state in the sting spectrum. We calculate the topological amplitudes Fg in heterotic string theory
in the presence of the latter. In particular, we show that it is crucial to include quadratic terms
in the effective action in order for Ω¯ to decouple. It turns out that this decoupling happens at
the full string level, suggesting that this holds non-perturbatively.
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1 Introduction
The interplay between string theory and supersymmetric gauge theories has been very fruitful in the
past decades in unravelling new connections and structures both in string theory and gauge theory.
The typical example is the famous TST-SGT-ST golden triangle. Namely, topological string theory
(TST) can be thought of as a sub-sector of string theory (ST) capturing only its BPS states and, on
the other hand, is a useful framework to engineer supersymmetric gauge theories (SGT). For instance,
the partition function of the Ω-deformed gauge theory [1–3] corresponds, in the topological limit, to
the topological string theory partition function which calculates a class of gravitational couplings Fg
in the string effective action [4].
From the gauge theory point of view, in the topological limit, the Ω-deformation consists of a one-
parameter twist of space-time denoted ǫ which lifts up to the topological string coupling gtops . From
the effective action point of view, the latter is a constant background for the self-dual graviphoton
field strength.
The topological nature of Fg implies that this coupling depends holomorphically on some of
the moduli of the Calabi-Yau compactifications, modulo anomalous, boundary terms [5] that are
absent in the low energy gauge theory3. In the latter, additionally, since the Ω-deformation can be
thought of as a geometrical twist of space-time [3], one can promote ǫ to a complex parameter and
supersymmetry implies that the gauge theory partition function is holomorphic in ǫ, i.e. independent
of ǫ¯.
Our goal is to study whether there is a notion of holomorphy in ǫ in string theory. From the TST
side, this is not natural since ǫ is gtops . Therefore, we analyse the question from the effective action
point of view. Namely, we first identify an extension of Fg that captures also ǫ¯. More precisely,
3For a calculation of these non-holomorphic terms in supergravity see [6].
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we give an exact identification of the latter in terms of physical fields4. The complete proof of this
identification is the subject of [8].
We first start by identifying ǫ¯ in Section 2 in heterotic string theory through an intuitive argument
based on the geometrical picture of the underlying gauge theory. Then, in Section 3, we perform
an explicit calculation of the coupling Fg including the Ω¯-deformation and analyse the decoupling of
the latter. In particular, we show that it is important to include quadratic terms in the deformation
in order not only to ensure holomorphy in ǫ but also to obtain the correct gauge theory partition
function. Useful results and technical details are deferred to two appendices.
2 What is Ω¯
In order to identify the Ω¯-deformation in terms of the physical string spectrum, we consider for
simplicity the heterotic E8 × E8 string theory compactified on T 2 × K3 where K3 is realised as a
Z2 orbifold of T
4. In fact, our results do not depend on the particular realisation of K3 which could
even be taken to be non-compact. We focus on the vector multiplet sector which consists in the
so-called STU-model. Namely, there are three vector multiplet moduli called S, T and U where S
is the dilaton while T and U are the Ka¨hler and complex structure moduli of the space-time T 2.
To keep the discussion clear, we do not turn on any Wilson lines. In addition to the three vector
fields associated to each scalar and which we denote as FI with I = S, T, U , there is another vector
field stemming from the N = 2 gravity multiplet, i.e. the graviphoton, which we denote as FG
subsequently.
Since we are concerned by the realisation of the Ω-deformation, we recall some of its basics facts.
First of all, one can realise it geometrically by a non-trivial T 2 fibration over space-time considered
as R4, such that the space-time fields are rotated with an arbitrary angle whenever one goes around
the cycles of T 2. Therefore, the SO(4) Lorentz group, whose covering group is SU(2)L × SU(2)R,
is explicitly broken. This construction can be thought of as a reduction from six dimensions on the
metric with line element5
ds2 = gµν
(
dZµ + ΩµρZ
ρdX + Ω¯µρZ
ρdX¯
) (
dZν + ΩνρZ
ρdX + Ω¯νρZ
ρdX¯
)
+ ds2T 2 . (2.1)
Here, µ, ν ∈ [[0, 3]] are space-time indices, X is the complexified T 2 coordinate and Ω, Ω¯ are 4 ×
4 matrices parametrising the rotations in space-time. In general, they depend on two complex
parameters ǫ1,2 which can be redefined as
ǫ± =
ǫ1 ± ǫ2
2
(2.2)
in order to make manifest to decomposition of the Lorentz group. This background preserves su-
persymmetry if one includes an R-symmetry rotation of ǫ+. For the present matter, we work in the
topological limit ǫ+ = 0. In [4], it was shown that the holomorphic part of the Ω-deformation in this
4Similar questions were analysed in [7] from a low energy perspective.
5See [9] for the M-theory uplift of this picture.
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limit, i.e. ǫ− ≡ ǫ, can be described as a constant background for the self-dual part of the graviphoton
field strength. The self-duality condition is consistent with the fact that ǫ is sensitive to SU(2)L only.
In this convention, SU(2)R remains unbroken. Hence, in order to describe Ω¯ in string theory, one is
led to turn on a constant background for a self-dual field strength other then the graviphoton one.
There are thus three choices.
1. FT
(−): VT = ǫµ∂Z
µ∂¯X¯ .
2. FU
(−): VU = ǫµ∂Z
µ∂¯X .
3. FS
(−): VS = ǫµ∂X¯∂¯Z
µ .
The superscript (−) refers to the fact that the field strengths are chosen to be self-dual. We
have also written the (bosonic part of the) vertex operator of each field, with the understanding
that the polarisation ǫµ is chosen in such a way to satisfy the self-duality constraint. Recall that the
graviphoton vertex operator is
VG = ǫµ∂X∂¯Z
µ . (2.3)
Consequently, the two natural choices for Ω¯ are FT
(−) and FS
(−). By ‘natural’ we mean that Ω¯ should
be understood, in some sense, as the complex conjugate of Ω. It turns out that the choice FS
(−) is
the wrong one. Therefore, we claim that the Ω¯-deformation is realised as a constant background for
F−T .
This is shown fully non-perturbatively in [8] by an explicit derivation of the Ω¯-deformed gauge
theory and ADHM effective actions. In what follows, we provide further support by showing not
only that the decoupling happens in string theory but also that it is exact.
3 Ω¯ decoupling from topological amplitudes
3.1 Effective action
Consider the following series of effective couplings in the standard four-dimensional superspace R4|8 ∼
{xµ, θiα, θ¯α˙i } [4]:
Ig =
∫
d4x
∫
d4θFg(X) (W ijµνW µνij )g for g ≥ 1 , (3.1)
which is a 1
2
-BPS F-term since it is invariant under half of the supercharges. In addition, W ijµν is the
supergravity multiplet and we have introduced SU(2)R R-symmetry group indices i, j = 1, 2. The
superfield Wµν contains the graviphoton field-strength F
G, the field strength tensor Biµν of a doublet
of gravitini and the Riemann tensor:
W ijµν = F
G,ij
(−),µν + θ
[iB
j]
(−),µν − (θiσρτθj)R(−),µνρτ + · · · (3.2)
The subscript (−) denotes the self-dual part of the corresponding field strength tensor. The coupling
function Fg in (3.1) only depends on holomorphic vector multiplets, which contain a complex scalar
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φ, an SU(2)R doublet of chiral spinors λ
i
α as well as a self-dual field-strength tensor of a space-time
vector F µν(−):
XI = φI + θiλIi +
1
2
F I(−)µνǫij(θ
iσµνθj) + · · · (3.3)
The index I labels the different vector multiplets. One of them, denoted X0, is unphysical and
serves as a compensator of degrees of freedom in the formulation of N = 2 supergravity. The
physical moduli are then the lowest components of the projective multiplets:
XˆI :=
XI
X0
. (3.4)
Upon explicitly performing the integral over the Grassmann variables, (3.1) induces a component
term
Ig =
∫
d4xFg(φ)R(−)µνρτRµνρτ(−)
[
FG(−) λσF
Gλσ
(−)
]g−1
+ · · · (3.5)
We now modify this coupling in order to allow for an insertion of an arbitrary number of additional
self-dual field strength. To be precise, consider the descendent multiplet
Kµν =
(
ǫabD
aσµνD
b
)
X = F(−)µν + · · · , (3.6)
where the subscript (−) recall that we are concerned by self-dual fields only, and insert it in the
effective action term (3.1) as
Ig,n =
∫
d4x
∫
d4θFg,n(X)W 2gK2n . (3.7)
In the subsequent sections, we calculate the coupling function Fg,n for arbitrary g and n in heterotic
string theory compactified on T 2 × K3. As explained above, we choose K to be the descendent
multiplet of the Ka¨hler structure T of T 2 in heterotic string theory.
3.2 Amplitude calculation
In order to calculate the coupling Fg,n, recall that the standard topological couplings Fg, in heterotic
string theory, receive perturbative contributions at one-loop only due to the fact that the heterotic
dilaton is a vector multiplet scalar satisfying a Peccei-Quinn symmetry. Therefore, the new couplings
(3.7) are also naturally calculated perturbatively at one-loop.
For convenience, we choose a particular kinematic configuration in which the states of interest
(gravitons, graviphotons and T -vectors) carry space-time momenta along Z1 and Z¯2 only. The vertex
operators for the gravitons are
VR(x) = (∂Z
2 − ip¯1ψ1ψ2)∂¯Z2 eip¯1Z1 ,
VR(y) = (∂Z¯
1 − ip2ψ¯2ψ¯1)∂¯Z¯1 eip2Z¯2 , (3.8)
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while for the graviphotons these are
VG(zi) = (∂X − ip¯1ψ2χ)∂¯Z2 eip¯1Z1 ,
VG(wi) = (∂X − ip2ψ¯2χ)∂¯Z¯1 eip2Z¯2 . (3.9)
Finally, for the T -vectors, the vertex operators are
VT (si) = (∂Z
2 − ip¯1ψ1ψ2)∂¯X¯ eip¯1Z1 ,
VT (ti) = (∂Z¯
1 − ip2ψ¯2ψ¯1)∂¯X¯ eip2Z¯2 . (3.10)
Consider the amplitude〈
VR(x)VR(y)
g−1∏
i=1
VG(zi)VG(wi)
n∏
j=1
VT (si)VT (ti)
〉
. (3.11)
It turns out that it is technically simpler to consider the supersymmetrically related amplitude
where, instead of the component (3.5), we take in (3.7) the graviphoton field strength from all the
supergravity multiplet and extract two FT field strengths from the coupling function. These are the
higher components of the T -modulus chiral multiplet and they come with an normalisation of 1/T2.
Therefore, in the following, it is understood that one has to include a factor of 1/(T2)
2. On the other
hand, the vertices stemming from W and K must be multiplied by eK0/2 where K0 is the Ka¨hler
potential stripped off its dilaton term. Hence, we focus on the amplitude〈
VT (x)VT (y)
g∏
i=1
VG(zi)VG(wi)
n∏
j=1
VT (si)VT (ti)
〉
. (3.12)
This amplitude calculates the second derivative of the coupling Fg,n with respect to the modulus T .
With this remark in mind, we use the standard generating function trick to calculate all ampli-
tudes of interest as
∂2TF (ǫ, ǫ¯) =
∑
g,n
ǫ2g ǫ¯2n
g!2n!2
〈
VT (x)VT (y)
g∏
i=1
VG(zi)VG(wi)
n∏
j=1
VT (si)VT (ti)
〉
. (3.13)
In the previous equation, we have chosen that the space-time zero-modes are soaked up by the vertices
at x and y. This is of course arbitrary and one could have taken any other two vertices VT instead,
which leads to the same term upon relabeling the positions. This leads to a combinatorial factor
of (n + 1)2 already taken into account in (3.13). Furthermore, the integration over the positions is
implicitly understood and we factor out a momentum power (p¯1 p2)
g+n+1 from every term in (3.13).
We first focus on the fermionic contractions in a particular term where a number 2N FT vertices give
their fermionic parts. In order to perform the spin-structure sum and soak up the T 2 zero-modes in
the odd spin structure, we take one of the graviphotons to be in the (-1)-picture and insert one PCO.
The latter necessarily gives its TF part in the T
2 directions. Since no other terms can give fermionic
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terms in T 2, the superghost partition function cancels that of the T 2 and we are left with
θs
(
x− y +
∑
j
(si − ti)
)
θs
(
x− y +
∑
j
(sj − tj)
)
θs,h(0)θs,−h(0)
×
∏N
j=1 θ1(x− sj)2θ1(y − tj)2
∏N
i<j=1 θ1(si − sj)2θ1(ti − tj)2
θ1(x− y)2
∏N
j=1 θ1(x− tj)2θ1(y − sj)2
, (3.14)
where s is the spin structure and h denotes the twist along K3 which we take to lie at an orbifold
point for simplicity. The spin-structure sum can readily be made, leading to
θ1
(
x− y +
∑
j
(si − ti)
)
θ1
(
x− y +
∑
j
(sj − tj)
)
θh(0)θ−h(0)
×
∏N
j=1 θ1(x− sj)2θ1(y − tj)2
∏N
i<j=1 θ1(si − sj)2θ1(ti − tj)2
θ1(x− y)2
∏N
j=1 θ1(x− tj)2θ1(y − sj)2
. (3.15)
Notice that only the twisted sectors of K3 are non-zero. Notice that (3.15) is nothing but the
correlation function, in the odd spin structure, of (N + 1) current ψ1ψ2 at positions x and si with
(N + 1) currents ψ¯1ψ¯2 at positions y and ti. Hence, upon soaking up the space-time zero-modes, we
can write (3.15) as a correlator in the odd spin structure with the zero-modes stripped off:〈
N∏
j=1
ψ1ψ2(sj)ψ¯
1ψ¯2(tj)
〉′
. (3.16)
We now turn to the bosonic terms and consider the case where 2M operators FT give their bosonic
terms only. Notice that the bosonic operators naturally bring down a momentum power from the
exponential of each vertex operator in such a way that the amplitude calculates (3.7). Factoring out
the space-time momentum power, we obtain the correlation function〈
Z1∂Z2∂¯X¯(x)Z¯2∂Z¯1∂¯X¯(y)
g∏
i=1
∂XZ1∂¯Z2(zi)∂XZ¯
2∂¯Z¯1(wi)
M∏
j=1
Z1∂Z2∂¯X¯(sj)Z¯
2∂Z¯1∂¯X¯(tj)
〉
.
(3.17)
We now strip off a factor of (∂X∂¯X¯)2 which we can simply interpret as a marginal deformation that
realises the second derivative with respect to T . Consequently, including all possible partitions of
n = M +N and summing over n and g, we find that the generating function (3.13) can be written
in the elegant form
F (ǫ, ǫ¯) =
〈
exp
[
− ǫ
∫
d2z
(
∂XZ1∂¯Z2 + ∂XZ¯2∂¯Z¯1
)
− ǫ¯
∫
d2z
(
(Z1∂Z2 + ψ1ψ2)∂¯X¯ + (Z¯2∂Z¯1 + ψ¯1ψ¯2)∂¯X¯
) ]〉
. (3.18)
This can be viewed as a deformed worldsheet sigma-model of which we are calculating the one-loop
partition function in the odd spin structure and with the fermionic zero-modes already soaked up.
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It is important to mention that, on top of their zero-modes, the bosonic fields in T 2 can contract
among themselves giving rise to terms which are irrelevant for the field theory limit. However, since
we are interested in the question of decoupling of Ω¯ at the string level, we keep track of these contact
terms.
3.3 Inclusion of quadratic terms
In order to calculate (3.18) exactly, we first show that it is indeed Gaussian. As mentioned previously,
in the correlation function leading to Fg,n, the compact bosons ∂X and ∂¯X¯ can either give their zero-
modes denoted by QL and Q¯L respectively or contract as dictated by the torus propagator. QL,R
are the T 2 lattice momenta in the Lagrangian representation which is the natural representation
arising from the path integral, see Appendix A. In order to go to the more physical Hamiltonian
representation, we perform a double Poisson re-summation. This is explained in detail in Appendix
A where all the relevant definitions and technical details are summarised. The important result for
us is that, upon going to the Hamiltonian representation, the correlation function
〈
∂X∂¯X¯
〉
becomes
PLP¯R, namely
T2
τ2
∑
m˜i,ni
(〈
∂X∂¯X¯
〉)k
q
|QL|
2
T q¯
|QR|
2
T¯
=
∑
mi,ni
(−PLP¯R)k q|PL|2 q¯|PR|2 . (3.19)
This means that, once we go to the Hamiltonian representation, the generating function (3.18) be-
comes effectively Gaussian and one can evaluate it exactly. This gives rise to an infinite product
which can be regularised using analytic continuation through Eisenstein series. The explicit evalu-
ation is rather technical and is presented in Appendix B. For our present matter, we focus on the
modes surviving the field theory limit. These are the n = 0 modes of the Laplacian eigenvalues
expansion. The result is
F (ǫ, ǫ¯) =
∫
dt
t
(
sin(πˆ¯ǫt)
πǫ¯
)2(
π(ǫ+ ǫ¯)
sin(π(ǫ˜+ ˆ¯ǫ))
)2
e−|PL|
2t . (3.20)
Here ǫ˜ and ˆ¯ǫ are the deformation parameters dressed with a single power of T 2 zero-modes PL and
P¯R respectively with τ2 replaced by t, and these originate from the bosonic current of T
2:
ǫ˜ ≡ τ2PL
(T − T¯ )(U − U¯)ǫ , (3.21)
ˆ¯ǫ ≡ τ2P¯R
(T − T¯ )(U − U¯) ǫ¯ . (3.22)
Notice that this is not the correct field theory limit and the parameter Ω¯, naively, does not decouple
from the partition function even in the field theory limit! The reason is quite clear. One must take
into account the quadratic terms in the deformation parameters, similarly to what happens in field
theory [8]. Indeed, these terms are essential in order to decouple the Ω¯-dependent terms in the field
theory effective actions as Q-exact terms.
In order to realise this feature, we turn on the quadratic deformation
δS2 = ǫǫ¯
∫
d2z |Z i|2∂X∂¯X¯ (3.23)
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in the deformed sigma model (3.18) and repeat the same calculation as before. Already at the string
level, there is a great simplification between bosonic and fermionic degrees of freedom. Namely,
due to the quadratic term, there is a complete left-right factorisation in the partition function - see
Appendix B - such that the space-time left-moving bosons (i.e. τ -dependent part) and fermions
partition functions cancel between themselves. To be precise, the path integral over the bosonic
degrees of freedom, including δS2 is
Fbos,mod =
∏
(m,n)6=(0,0)
(|m+ nτ |2 + (m+ nτ)ǫ˜+ (m+ nτ¯)ˆ¯ǫ+ ǫ˜ˆ¯ǫ)2
=
∏
(m,n)6=(0,0)
(m+ nτ¯ + ǫ˜)2
(
m+ nτ + ˆ¯ǫ
)2
. (3.24)
This is to be contrasted with the expression for the path integral without the quadratic deformation
given in Appendix B. As for the fermionic part of the path integral, it is not modified and leads to
the mode expansion
Fbos,mod =
∏
(m,n)6=(0,0)
(
m+ nτ + ˆ¯ǫ
)2
, (3.25)
such that the Bose-Fermi cancellation is obvious even before regularising the infinite products.
The full amplitude can then be written by including the internal and gauge degrees of freedom:
F (ǫ, ǫ¯) =
∫
F
d2τ
τ2
(
2πǫη¯3
θ¯1(πǫ˜)
)2
e
− π
τ2
ǫ˜2 1
η4η¯24
1
2
1∑
h,g=0
Z[hg ] Γ(2,2+8)(T, U, Y ) , (3.26)
where
Z[hg ] = ΓK3[
h
g ]
1
2
∑
k,ℓ=0,1
θ¯6[kℓ ]θ¯[
k+h
ℓ+g ]θ¯[
k−h
ℓ−g ] , (3.27)
is the K3-lattice together with the partition function of E7×SU(2), since one of the E8-group factors
is broken by the Z2-orbifold. The K3-lattice is given explicitly by
ΓK3[
h
g ] =
{ Γ(4,4)(G,B) , (h, g) = (0, 0)∣∣∣∣ 2η3θ[1+h
1+g ]
∣∣∣∣
4
, (h, g) 6= (0, 0) . (3.28)
For convenience, we have combined the T 2- and E8- lattices into Γ(2,2+8). Notice that (3.26) is nothing
but the result of [10] for the generating function of the Fg amplitudes. In particular, it is independent
of n. Hence, taking its field theory limit at a gauge symmetry enhancement point, e.g. the T = U
point, we recover the standard Barnes double gamma function describing the perturbative part of
the unrefined Nekrasov partition function:
FNekpert =
∫
dt
t
ǫ2
sin2(ǫt)
e−µt , (3.29)
where µ =
√
i
π
(T − U) is the mass of the BPS state becoming massless at the enhancement point
and parametrises the Coulomb branch of the gauge theory.
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Before closing this section, we would like to comment on the inclusion of the quadratic deformation
(3.23). The latter can be understood as the vertex operator of the T -modulus of T 2 at second order
in the space-time momenta with a vacuum expectation value given by ǫǫ¯. This means that our
starting point is a deformation of the BPS coupling (3.7) with an arbitrary power of the chiral field
X corresponding to the T -modulus. Hence, in the amplitude (3.12), we should include an arbitrary
number m of the corresponding scalar vertex operator. At fixed power of ǫ and ǫ¯, the latter, can
also contribute its zero-momentum part. However, this is nothing but a marginal deformation of
the amplitude Fg−m,n−m. Therefore, this contribution must be subtracted and we only include the
term with two space-time momenta. Finally, to define a generating function, we sum over the powers
of all vertex operators with the appropriate combinatorial factors and this leads to the deformed
sigma-model (3.18) with the quadratic deformation (3.23). It would be interesting to understand
this point from the supergravity point of view.
4 Conclusions
In this note, we have realised the Ω¯-deformation of gauge theory in string theory as a constant
background for a physical field. More precisely, focusing on heterotic string theory compactified on
T 2 × K3, we argued that Ω¯ can be understood as a constant background for the self-dual vector
partner of T , the Ka¨hler structure of T 2. In our convention, Ω is realised as the self-dual graviphoton
field strength.
In order to support our idea, we calculated the topological amplitudes Fg in the presence of the
Ω¯-deformation. In heterotic string theory, this is a one loop amplitude capturing the topological
string partition function to all genera in the large base limit of the elliptically-fibered Calabi-Yau
manifold of the dual type II string theory [11]. We show that it is important to take into account
a quadratic deformation of the effective action of the form ΩΩ¯. The latter can be understood as a
background for the T 2 metric. This is very similar to what was observed in [12] in the context of the
realisation of N = 2⋆ in string theory [13] and should be expected due to the similar nature of Ω and
the mass deformation. Here, we find that, in the presence of Ω¯, Fg can still be calculated exactly
at one loop and is independent of Ω¯. In other words, at least perturbatively, Ω¯ decouples from the
topological string partition function.
Since the heterotic result captures parts of the topological string partition function to all genera,
it is tempting to conjecture that the decoupling holds beyond the large base limit. It would be
interesting to analyse this question directly in the dual type II string theory where the amplitude Fg
is perturbatively exact at genus g.
Besides, we have presently only focused on the topological limit of the Ω-deformation. A natural
subsequent problem is to extend the analysis to the full Ω-deformation using the generalised couplings
studied in [14, 15]. In that setting, generically, the decoupling is not expected to be obvious due to
the contamination of non-BPS states. We plan to come back to these questions in the future.
Finally, the extension of the proof of the Ω¯ realisation in string theory to the full non-perturbative
9
level is the subject of a future publication [8].
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A Lattice sums
In this section, we present useful results for the derivation of (3.18) on the T 2-lattice partition
function with Ka¨hler modulus T and complex structure U . In the Lagrangian representation, it is
given by
Γ2,2 =
T2
τ2
∑
m˜i,ni
q
|QL|
2
T q¯
|QR|
2
T¯
, (A.1)
where, qT = e
2iπT . The lattice momenta are defined as
QL =
1
2i
√
τ2U2
(
m˜1 + U¯m˜2 − τ¯ (n1 + U¯n2)
)
, (A.2)
QR =
1
2i
√
τ2U2
(
m˜1 + U¯m˜2 − τ(n1 + U¯n2)
)
. (A.3)
Using the relation |QL|2 − |QR|2 = m˜1n2 − m˜2n1, (A.1) can be written as
Γ2,2 =
T2
τ2
∑
m˜i,ni
e2iπT¯ (m˜1n2−m˜2n1)−4πT2|QL|
2
. (A.4)
In order to go to the Hamiltonian representation, we perform a double Poisson re-summation on the
winding modes m˜i, i.e a discrete Fourier transformation in these modes given by the general formula∑
mi∈Z
e−πAijm
imj+πBim
i
=
1√
detA
∑
m˜i∈Z
e−π(m˜i+
i
2
Bi)(A
−1)ij(m˜j+
i
2
Bj) . (A.5)
This leads to the Hamiltonian representation of the lattice
Γ2,2 =
∑
mi,ni
q|PL|
2
q¯|PR|
2
=
∑
mi,ni
q¯n·me−4πτ2|PL|
2
, (A.6)
in which the lattice momenta are
PL =
1
2i
√
T2U2
(
m2 − U¯m1 + T¯ (n1 + U¯n2)
)
, (A.7)
PR =
1
2i
√
T2U2
(
m2 − U¯m1 + T (n1 + U¯n2)
)
, (A.8)
We have set the Wilson lines to zero for simplicity. The momenta satisfy
|PR|2 − |PL|2 = n ·m = n1m1 + n2m2 . (A.9)
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We now dress the lattice with some power of lattice momenta. For instance, consider including an
even power of QL in (A.1). This can be accounted for by deforming the latter with a factor of e
λPL
and then taking appropriate derivatives. Hence, we can use the same formula (A.5) to find
T2
τ2
∑
m˜i,ni
(
QL√
τ2U2
)2k
q
|QL|
2
T q¯
|QR|
2
T¯
=
∑
mi,ni
(
PL√
T2U2
)2k
q|PL|
2
q¯|PR|
2
. (A.10)
There are similar results for the other lattice momenta. More precisely, we have the following
dictionary.
PL ←→ QL , (A.11)
PR ←→ −Q¯R , (A.12)
P¯L ←→ QR , (A.13)
P¯R ←→ −Q¯L . (A.14)
Consider now including different lattice momenta at the same time. For the case of interest, we
consider an arbitrary power of PLP¯R and apply (A.5). Naively, one would apply the dictionary (A.11)
but there are subtleties due to the torus propagator
〈
XX¯
〉
. Our starting point is the correlation
function 〈
(∂X)k1(∂¯X¯)k2
〉
(A.15)
for arbitrary positive integers k1 and k2. At first sight it might appear that only zero modes contribute
to the above correlator. However, on the world sheet torus (as well as on higher genera surfaces) there
is a non-trivial correlation function due to the presence of zero modes of 1-differentials. Indeed, the
torus Green’s function for the Laplacian acting on scalars contains a term that goes as 1
4π
log |E(z, w)|2
where E(z, w) = θ1(z − w)/θ′1(0). However this is not monodromy invariant under z → z + τ . The
combination that is monodromy invariant is
1
4π
log |E(z, w)|2 − Im(z − w)
2
2τ2
(A.16)
The correlator
〈
X(z)X¯(w)
〉
is therefore proportional to the above expression. As a result of the
second term in (A.16),
〈
∂X(z)∂¯X¯(w)
〉
is not zero, instead it is a constant.
To proceed further, we define the generating function
Fℓ(λ, λ¯) =
∑
k1,k2∈N
λk1
k1!
λ¯k2
k2!
〈
(∂X)k1(∂¯X¯)k2
〉
. (A.17)
Consider the case where there are s operators ∂X and ∂¯X¯ contracting. Then the remaining operators
can only give zero-modes. Including the combinatorial factors of this choice of partition, and summing
over s yields
Fℓ(λ, λ¯) =
∑
k1,k2∈N
λk1
k1!
λ¯k2
k2!
min(k1,k2)∑
s=0
(
k1
s
)(
k2
s
)
s!
(√
T2
τ2
QL
)k1−s(√
T2
τ2
Q¯L
)k2−s(
− 1
4πτ2
)s
. (A.18)
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Now defining p = k1 − s, q = k2 − s, we find
Fℓ(λ, λ¯) =
∑
p,q,s∈N
λp+sλ¯q+s
p!q!s!
(√
T2
τ2
QL
)p(√
T2
τ2
Q¯L
)q (
− 1
4πτ2
)s
= exp
[
λ
√
T2
τ2
QL + λ¯
√
T2
τ2
Q¯L − λλ¯
4πτ2
]
. (A.19)
We now perform the Poisson re-summation as above and find
T2
τ2
∑
m˜i,ni
e
−2iπT¯ (m˜1n2−m˜2n1)−4πT2|QL|
2+λ
√
T2
τ2
QL+λ¯
√
T2
τ2
Q¯L−
λλ¯
4πτ2 =
∑
mi,ni
q¯n·me−4πτ2|PL|
2+λPL−λ¯P¯R . (A.20)
Expanding in the exponential back yields
T2
τ2
∑
m˜i,ni
〈
(∂X)k1(∂¯X¯)k2
〉
q
|QL|
2
T q¯
|QR|
2
T¯
=
∑
mi,ni
(PL)
k1(−P¯R)k2q|PL|2 q¯|PR|2 . (A.21)
This is the result needed in order to ‘Gaussianise’ the generating function (3.18).
B Functional determinants
In this section, we show how to calculate the functional determinants arising from (3.18) in a modular
invariant fashion. The techniques involved are the same as the ones used in [14], see also [16]. Namely,
we expand the operator in the exponential of (3.18) in the eigenmodes of the Laplacian on the torus
and then perform the integral over the fields Zµ. This leads to an infinite product that we define
using ζ-function regularisation after taking its logarithm. Explicitly, if we denote the bosonic part
of (3.18) by Fbos, then
log(Fbos) = − log
∏
(m,n)6=(0,0)
(|m+ nτ |2 + (m+ nτ)ǫ˜+ (m+ nτ¯)ˆ¯ǫ)2
= 2 lim
s→0
∂
∂s
∑
(m,n)6=(0,0)
∑
k≥0
(−s
k
)
1
|m+ nτ |2s
(
ǫ˜
m+ nτ¯
+
ˆ¯ǫ
m+ nτ
)k
= 2 lim
s→0
∂
∂s
∑
k≥0
k∈2Z
∑
0≤ℓ≤k
l∈2Z
(−s
k
)(
k
ℓ
)
ǫ˜ ℓ ˆ¯ǫ
k−ℓ
τ ℓ−k−s2 Φ
∗
k−l+s,k+2s , (B.1)
where Φα,β is the modular series of weight (0, β − 2α) related to the usual Eisenstein series
E(s, w) =
1
2
∑
(c,d)=1
τ
s−w/2
2
|cτ + d|2s−w (cτ + d)
−w (B.2)
through
Φα,β = 2ζ(β)E(β/2, β − 2α) . (B.3)
It consistently defines the functional determinant for large s and is absolutely convergent for β > 2.
The Fourier expansion of φ was derived in [14] and allows us to extract the asymptotic behaviour of
12
Fbos. That is,
lim
τ2→∞
log[Fbos] = ζ(2)(ǫ˜
2 + ˆ¯ǫ 2) + 2
∑
k≥2
ζ(2k)
k
(ǫ˜+ ˆ¯ǫ)2k
= 2
∑
k≥1
ζ(2k)
k
(ǫ˜+ ˆ¯ǫ)2k . (B.4)
Using the definition of the Riemann zeta function, the sum over k can be performed and leads to the
expected field theory limit:
lim
τ2→∞
log[Gbos(ǫ−, ǫ+)] = 2
∑
n,k≥1
1
k
(
ǫ˜+ ˆ¯ǫ
n
)2k
= −2
∑
n≥1
log
[
1−
(
ǫ˜+ ˆ¯ǫ
n
)2]
= − log [sinc π(ǫ˜+ ˆ¯ǫ)2] .
(B.5)
Finally, the path integral over the fermionic degrees of freedom in (3.18) can be similarly derived
and simply gives θ1(ˆ¯ǫ) which reduces sinc(πˆ¯ǫ)
2 in the field theory limit, thus obtaining the result in
(3.20).
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